Historically, most of the quantum mechanical results have originated in one dimensional model potentials. However, Von-Neumann's Bound states in the Continuum (BIC) originated in specially constructed, three dimensional, oscillatory, central potentials. One dimensional version of BIC has long been attempted, where only quasi-exactly-solvable models have succeeded but not without instigating degeneracy in one dimension. Here, we present an exactly solvable bottomless exponential potential barrier V (x) = −V0[exp(2|x|/a) − 1] which for E < V0 has a continuum of non-squareintegrable, definite-parity, degenerate states. In this continuum, we show a surprising presence of discrete energy, square-integrable, definite-parity, non-degenerate states. For E > V0, there is again a continuum of complex scattering solutions ψ(x) whose real and imaginary parts though solutions of Schrödinger equation yet their parities cannot be ascertained as Cψ(x) is also a solution where C is an arbitrary complex non-real number.
In three dimensions, specially constructed spatially oscillating central potentials are known to possess discrete energy Bound states in the Continuum (BIC) which are called Von-Neumann states [1] [2] [3] [4] [5] . Though it started as a mathematical curiosity, later these states have been found in semiconducting hetrostructures grown by molecular beam epitaxy [4] . For a long time one-dimensional version of these states has been tried.
In this regard, an interesting symmetric stair-case like potential called pyramid barrier [6] has been purported to be giving rise to BIC. However, a usual study of scattering from such a potential reveals that the pyramid potential cannot act any different from the rectangular barrier as both of them are bounded from below. By making these potentials very high or by making them large negative on both sides, the amplitude of asymptotic oscillations in the scattering state can be made very small but not zero. So all the states in these two simple potentials remain scattering states which are nonsquare-integrable. For higher order solvable models [7] of bottomless potentials like parabolic V (x) = −x 2 and triangular V (x) = −|x| barriers, scattering solutions of Schrödinger equation do vanish asymptotically yet they are not square-integrable. For instance, For instance for the parabolic barrier ψ(x) ∼ e ±ix 2 / |x| [7] .
Later, investigations on Quasi-Exactly-Solvable (QES) 1D potentials have revealed [8] [9] [10] [11] surprising results that two square integrable states can exist at one real energy E = E * in or above a bottomless barrier (V (±∞) = −∞). This means a bound state exists even without two real turning points or it exists in a double barrier with * Electronic address: 1:zahmed@barc.gov.in, 2:sachinv.barc.gov.in, 3:rimidonaghosh@gmail.com, 4:taritgoswami456@gmail.com four real turning points at E = E * where one usually expects [12] a complex energy resonance to occur. They even suggest a degeneracy at E = E * in one dimension. In this paper, we study the possibility of bound states in the bottomless exponential barrier ( See Fig. 1 )
This is so far the third bottomless potential which is exactly solvable. Its solutions are possible in terms of well known cylindrical Hankel and Bessel functions, its reflection and transmission co-efficients have been obtained and studied recently [13] (see Fig. 2 ). It is capable of raising some interesting issues which are un-noticed so far. Here, we show an existence of continuum of nonsquare-integrable degenerate states of definite parity in or above the exponential potential (1) for energies E < V 0 . Next we show the surprising presence of discrete energy, square-integrable, definite-parity, non-degenerate states embedded in the said continuum of energies.
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The Schrödinger equation
and q = √ 2mV 0 /h, for this potential can be transformed to cylindrical Bessel equation [13] to get two linearly independent solutions:
These two solutions oscillate and vanish asymptotically. From these two solutions we construct two even and odd parity solutions such that ψ e (0) = 0 and ψ o (0) = 0. These two definite parity degenerate solutions for any energy in the continuum of energies E < V 0 when κa = integer are
where z = qae |x|/a . Integral values of κa are the exceptional energies where the two linearly independent solutions (3) become linearly dependent, the states in (4) become identically zero. Neither scattering or bound states exist at these energies. It must be remarked that for energies E > V 0 all the solutions of (1) are complex scattering states in terms of complex Hankel functions [13] whose real and imaginary parts will be of definite-parity only at some special energies. But then real and imaginary parts of the state cannot be taken seriously if an arbitrary complex (non-real) number multiplies the state. In Ref. [11] , for V (x) = −V 0 e 2|x|/a , similar solutions as in (4) have been sought in order to bring out degenerated bound states in one dimension. Here, we remark that by virtue of the following integral [14] 
divergent otherwise; ψ + (x) is square-integrable but ψ − (x) is not so. Consequently, the degenerate states in (4) are not square-integrable and they can form only a continuum of degenerate scattering states, as it should be. Next we look for the square integrable states in (1) by admitting the solution ψ + (x). Since the potential is symmetric, we seek two separate definite parity solutions at two different energies as ψ e (x) = DJ κa (qae |x| ), when J κa (qa) = 0 and (6a)
We claim that these are square-integrable, definite-parity, non-degenerate states of (1) which are embedded in the energy continuum E < V 0 that is characterized by the non-square-integrable degenerate pairs of states given in Eq. (4). In Fig. 3 , we plot J κa (qa) and J κa (qa) (See Eq. (6) In Figs. 4 and 5, the first even and the first odd parity BICs have been plotted for the case when 2m/h 2 = 1, V 0 = 50 and a = 1. These states look curious bound states due to their numerous uncontrollable nodes. However,their knowledge could be worthwhile. It will be well to recall that even in 3D a BIC [1] [2] [3] [4] has uncontrollable but fewer number of nodes.
A very interesting QES bottomless double barrier [9] has five real discrete energy eigenvalues known which lay in and above the well and the corresponding eigenstates are complex square-integrable scattering states such as
. The flux carried by them are non-zero, constant and. energy-independent signify- 4(a)) at E = 18.6108 = E * for the same barrier as in Fig. 1 . This oscillates but vanishes at large asymptotic distances and it is square-integrable. At a nearby energy E = E * ± δ the state looses its definite parity.
ing a reflectionless state moving from one side to the other. The real and imaginary parts of these states are definite-parity degenerated bound states at one energy. Similarly, the first revelation [8] of the degenerated
The same as in Fig. 2 for the square of first odd parity BIC ψo(x) (Eq. (4b)) at E = 37.2630 = E * .
states in single or double bottomless barrier is also based on the reflectionless states such as a
. Therefore, the reflectionless states and the esuing potential are connected [10] to the surprising existence of degeneracy in one dimension.
In this regard, the exponential barrier considered here like the parabolic and triangular barrier has the usual feature of not possessing reflectionlessness at any energy (see Fig. 2 ) and hence it does not display degeneracy. The simple bottomless barrier V (x) = −x 4 [15] has been found to have real positive discrete energies where reflectivity of the barrier is zero. This potential is not analytically solvable and it would require special methods to check if at those reflectivity zeros it has degenerated bound states. Such a study is most welcome. In three dimensions, even a solitary BIC has several nodes and the ensuing potential is oscillatory, but in one dimension the BIC has numerous nodes and the underlying potential is non-oscillatory. It may be remarked the reported [8] degenerate bound states at E = E * in QES potentials may also be suspiciously interesting as one may wonder if the same happens, as well, at a nearby energy E = E * ± δ leading to the formation of a continuum of such states. Lastly, we would like to re-emphasize that the bottomless exponential potential is the first exactly solvable model of BIC in one dimension. We hope that the present work will generate further interest in BIC in one dimension and the knowledge of such states could be at least worthwhile for a basic interest.
